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In this paper,we are concernedwith timelike surfaces in lightlike coneQ32. At firstweobtain
the structure equations and the integrability conditions of the timelike surfaces inQ32. Then
we give a Weierstrass type representation formula and a classification of homogeneous
timelike surfaces in Q32. Finally, we discuss some properties and structures of the timelike
surface and its associated surface (or called dual surface) in lightlike cone Q32.
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1. Preliminary
Let Emq be them-dimensional pseudo-Euclidean space with the metric
G¯(x, y) = ⟨x, y⟩ =
m−q
i=1
xiyi −
m
j=m−q+1
xjyj,
where x = (x1, x2, . . . , xm), y = (y1, y2, . . . , ym) ∈ Emq . We know that Emq is a flat pseudo-Riemannianmanifold of signature
(m− q, q).
Let x:M→ Emq be a submanifold of Emq . If the pseudo-Riemannianmetric G¯ of Emq induces a pseudo-Riemannianmetric G
(respectively, a Riemannianmetric, or a degenerate quadratic form) onM, thenM is called a timelike (respectively, spacelike,
or degenerate) submanifold of Emq .
Let c be a point fixed in Emq and r > 0 a constant. Then the pseudo-Riemannian hypersphere, the pseudo-Riemannian
hyperbolic space and the pseudo-Riemannian lightlike cone (quadric cone) are defined respectively by
Snq(c, r) = {x ∈ En+1q ; G¯(x− c, x− c) = r2},
Hnq(c, r) = {x ∈ En+1q+1; G¯(x− c, x− c) = −r2},
Qnq(c) = {x ∈ En+1q ; G¯(x− c, x− c) = 0}. (1.1)
It is well-known that Snq(c, r) is a complete pseudo-Riemannian hypersurface of signature (n − q, q), q ≥ 1, in En+1q with
constant sectional curvature r−2; Hnq(c, r) is a complete pseudo-Riemannian hypersurface of signature (n− q, q), q ≥ 1, in
En+1q+1 with constant sectional curvature−r−2; and Qnq(c) is a degenerate hypersurface in En+1q , respectively. The spaces Enq ,
Snq(c, r) and H
n
q(c, r) are called pseudo-Riemannian space forms (or nondegenerated space forms) and Q
n
q(c) degenerated
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space form. The point c is called the center of Snq(c, r), H
n
q(c, r) and Q
n
q(c). When c = 0, we simply denote Qnq(0) by Qnq and
call it the lightlike cone Qnq (or simply the light cone Q
n
q) [1].
Since the relations between the conformal transformation group and the Lorentzian group of En1, and the submanifolds
of the Riemannian hypersphere Sn, Riemannian hyperbolic space Hn and the submanifolds of the lightlike cone Qn+11 , we
know that it is meaningful and important to study submanifolds of the lightlike cone [2–5].
In [6–9], we considered some problems of the curves, spacelike surfaces and spacelike hypersurfaces in the lightlike cone
Qn = Qn1. In this paper, we are concerned with the timelike surfaces in the lightlike coneQ32. At first we obtain the structure
equations and the integrability conditions of the timelike surfaces in Q32. Then we give a Weierstrass type representation
formula and a classification result of homogeneous timelike surfaces in Q32. Finally, we discuss some properties and
structures of the timelike surface and its associated surface (or called dual surface) in the lightlike cone Q32.
2. Timelike surfaces in lightlike cone Q32
LetM be a connected, oriented 2-dimensional manifold and x:M → Q32 ⊂ E42 be a timelike surface in the lightlike cone
Q32 with asymptotic parameters {u, v}. Such parameters are called null or conformal in [10,11]. In the followingwe call {u, v}
conformal parameters. Then the induced metric (simply the metric) of the timelike surface x(u, v) can be written as
G = ⟨dx, dx⟩ =

gijduiuj = 2ew(dudv) = ew(du⊗ dv + dv ⊗ du). (2.1)
Here u1 = u, u2 = v and put |G| = − detG. From this expression we have
⟨x, x⟩ = ⟨x, xu⟩ = ⟨x, xv⟩ = ⟨xu, xu⟩ = ⟨xv, xv⟩ = 0, ⟨xu, xv⟩ = ew. (2.2)
From (2.2) we get⟨xu, xuu⟩ = ⟨xu, xuv⟩ = ⟨xv, xvv⟩ = ⟨xv, xuv⟩ = ⟨x, xuu⟩ = ⟨x, xvv⟩ = 0,
⟨xuu, xv⟩ = ewwu, ⟨xu, xvv⟩ = ewwv, ⟨x, xuv⟩ = −ew. (2.3)
The Laplacian∆ of the metric G and the Gaussian curvature κ of the timelike surface x(u, v) are given respectively by∆ =
1√|G|

ij
∂
∂ui
|G| g ij ∂
∂uj

= 2e−w∂u∂v = 2e−w ∂
∂u
∂
∂v
,
κ = −e−wwuv = − 12∆w.
(2.4)
We define
y = y(u, v) = − 12∆x− 18 ⟨∆x,∆x⟩x. (2.5)
Then we have
⟨y, y⟩ = 0, ⟨x, y⟩ = 1, ⟨y, xu⟩ = ⟨y, xv⟩ = 0. (2.6)
We know that the vector fields {e− 12wxu, e− 12wxv, x, y} form an conformal orthonormal frame on E42 along the timelike
surface x(u, v). We have the following structure equations for the timelike surface x(u, v):
xuu = wuxu + ϕx,
xvv = wvxv + ψx,
xuv = λx− ewy,
yu = −λe−wxu − ϕe−wxv,
yv = −ψe−wxu − λe−wxv.
(2.7)
Here λ = −(1/8)ew⟨∆x,∆x⟩,∆x = 2e−wxuv = 2λe−wx− 2y.
We define
Φ = ϕ du2, ϕ = ⟨xuu, y⟩, (2.8)
Ψ = ψ dv2, ψ = ⟨xvv, y⟩, (2.9)
Λ = λ dudv, λ = ⟨xuv, y⟩. (2.10)
In [11] the author defined Lorentz conformal structure as follows.
Let M be an oriented 2-manifold equipped with an equivalence class C of Lorentz metrics compatible to the given
orientation. The 2-manifoldM equipped with C is called a Lorentz surface.
Let x:M → (N, gN) be an immersion of a Lorentz surface into a semi-Riemannian manifold N. Then x is said to be
conformal if g := x∗gN ∈ C. A conformally immersed Lorentz surface in N is called a timelike surface in N.
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Now let x:M→ N be a conformal timelike immersion of a Lorentz surfaceM intoN. Since x is conformal, there exists local
coordinates (u, v) such that g = ewdudv. Such a coordinate system (u, v) is called a null coordinate systems or conformal
coordinate system.
From these notions, one can check that three differentialsΦ ,Ψ andΛ arewell defined on the Lorentz surface (M,C)with
C = [g]. More precisely,Φ , Ψ andΛ are independent of the conformal coordinates. Therefore they are globally defined.
Define the components hij of the second fundamental form II of the surface x(u, v) by
II =

hijduiduj = (2ew)−1

⟨xij, y⟩duiduj = (2ew)−1

⟨xuiuj , y⟩duiduj.
Then by a direct calculation we have
h11 = (2ew)−1ϕ,
h12 = (2ew)−1λ,
h21 = (2ew)−1λ,
h22 = (2ew)−1ψ.
(2.11)
The relation xuuv = xuvu and yuv = yvu yield the integrability conditions for the structure equations (2.7) of the timelike
surface x(u, v) as follows:
wuv = 2λ,
ϕv = λu − λwu,
ψu = λv − λwv.
(2.12)
From (2.4) the conditions (2.12) can be written as
λ = − 12 ewκ,
ϕv = λu − λwu = − 12 ewκu,
ψu = λv − λwv = − 12 ewκv.
(2.13)
Definition 2.1. Let x:M → Q32 be a timelike surface. The mean curvature H of the timelike surface x(u, v) in Q32 is defined
by
H = 12 ⟨∆x, y⟩. (2.14)
The timelike surface x(u, v) is called minimal or zero mean curvature surface in Q32 if H ≡ 0.
Remark 1. The definition of mean curvature here is formal and artificial according to the traditional geometric notion. The
variational problems should be considered. We do not calculate these formulas in this work.
Proposition 2.1. Let x:M→ Q32 be a timelike surface with the mean curvature H in Q32. Then
H = λe−w = − 12κ, (2.15)
where λ is given by (2.7) and (2.13).
Proof. This is immediate from (2.4), (2.7) and (2.13). 
Definition 2.2. For a given timelike surface x:M→ Q32, define
x˜(u, v) = y(u, v) = − 12∆x− 18 ⟨∆x,∆x⟩x.
Then x˜(u, v) is also a timelike surface in Q32 and is called the associated surface or dual surface of the surface x(u, v).
Proposition 2.2. Let x:M → Q32 be a timelike surface in Q32. The associated surface (or dual surface) of the surface x(u, v) is
nondegenerated if and only if the second fundamental form of x(u, v) is nondegenerated.
Proof. From (2.7) we have
Gy = ⟨dy, dy⟩ = ⟨yu, yu⟩du2 + 2⟨yu, yv⟩dudv + ⟨yv, yv⟩dv2
= 2λϕe−wdu2 + 2(λ2 + ϕψ)e−wdudv + 2λψe−wdv2
= 2e−w(λdu+ ψdv)(ϕdu+ λdv). (2.16)
Then
− |Gy| = (2λϕe−w)(2λψe−w)− {(λ2 + ϕψ)e−w}2 = −e−2w(λ2 − ϕψ)2. (2.17)
Therefore, by (2.11) we know that Gy is nondegenerated if and only if the second fundamental form II of x(u, v) is
nondegenerated. 
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3. Homogeneous timelike surfaces in Q32
A timelike surface in Q32 is called homogeneous if for any two points p and q on the surface there exists a Lorentzian
transformation in Q32 which preserves the surface and takes p to q. Therefore, all invariant functions on a homogeneous
surface are constant functions.
Theorem 3.1. Let x:M→ Q32 be a homogeneous timelike surface. Then it is congruent to one of the following surfaces:
(i) a totally umbilical surface;
(ii) x(u, v) = a(sin(u+ v), cos(u+ v), sin(u− v), cos(u− v)), where 0 ≠ a ∈ R;
(iii) x(u, v) = a(sinh(u+ v), cosh(u− v), cosh(u+ v), sinh(u− v)), where 0 ≠ a ∈ R.
Proof. By homogeneity, we know that e−2wϕψ and the Gaussian curvature κ are constant. Then (2.13) yields that ϕv = 0
and ψu = 0. If ϕψ ≡ 0, then ϕ = ψ ≡ 0, from (2.11) we know that the surface is totally umbilical. Let ϕψ ≠ 0. Then
e−2wϕψ = constant, ϕv = 0 and ψu = 0 yield that
0 = ∆ log(e−2wϕψ) = ∆(−2w + logϕ + logψ) = −2∆w = 4κ.
Hence the surface is flat so that we can choose the parameters such that w ≡ 0. Consequently, λ = −(1/2)κ = 0, ϕ =
constant, ψ = constant and ϕψ ≠ 0. Then the structure equations become
xuu = ϕx,
xvv = ψx,
xuv = −y,
yu = −ϕxv,
yv = −ψxu.
(3.1)
It is not difficult to obtain the conclusion of this theorem by solving these equations. 
Remark 2. The surface (ii) of Theorem 3.1 can be written as
x(u, v) = a(sin(u+ v), cos(u+ v), sin(u− v), cos(u− v))
=
sin(u+ v) cos(u+ v) 0 0cos(u+ v) sin(u+ v) 0 00 0 sin(u− v) cos(u− v)
0 0 cos(u− v) sin(u− v)

a0a
0
 . (3.2)
The surface (iii) of Theorem 3.1 can be written as
x(u, v) = a(sinh(u+ v), cosh(u− v), cosh(u+ v), sinh(u− v))
=
 0 cosh(u+ v) 0 sinh(u+ v)cosh(u− v) 0 sinh(u− v) 00 sinh(u+ v) 0 cosh(u+ v)
sinh(u− v) 0 cosh(u− v) 0

a00
a
 . (3.3)
For the surface (i) of Theorem 3.1 we have the conclusion of Proposition 5.4 in Section 5.
4. Weierstrass type formula of timelike surfaces in Q32
Let x:M→ Q32 be a timelike surface inQ32 with the conformal parameter {u, v}, i.e., x is treated as a conformal immersion
of Lorentz surface. Putting x = (x1, x2, x3, x4)we have
x21 + x22 − x23 − x24 = 0.
Then from x21 − x23 = −(x22 − x24)we get
x1 + x3
x2 + x4 = −
x2 − x4
x1 − x3 , or
x1 + x3
x2 − x4 = −
x2 + x4
x1 − x3 . (4.1)
We may assume that
x1 + x3
x2 + x4 = −
x2 − x4
x1 − x3 = f , (4.2)
x1 + x3
x2 − x4 = −
x2 + x4
x1 − x3 = −
1
g
, (4.3)
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and
x2 + x4 = 2ρ. (4.4)
Then from (4.2) to (4.4) we get
x1 + x3 = 2ρf ,
x1 − x3 = 2ρg,
x2 + x4 = 2ρ,
x2 − x4 = −2ρfg.
(4.5)
Therefore we obtain
x1 = ρ(f + g),
x2 = ρ(1− fg),
x3 = ρ(f − g),
x4 = ρ(1+ fg).
(4.6)
That is, the surface x:M→ Q32 can be written as
x = x(u, v) = (x1, x2, x3, x4) = ρ(f + g, 1− fg, f − g, 1+ fg). (4.7)
Using the conformal structure, from (4.7) we have
xu = ρu(f + g, 1− fg, f − g, 1+ fg)+ ρ(fu + gu,−fug − fgu, fu − gu, fug + fgu),
xv = ρv(f + g, 1− fg, f − g, 1+ fg)+ ρ(fv + gv,−fvg − fgv, fv − gv, fvg + fgv),
and then⟨xu, xu⟩ = 4ρ
2fugu,
⟨xv, xv⟩ = 4ρ2fvgv,
⟨xu, xv⟩ = 2ρ2(fugv + fvgu).
(4.8)
Since {u, v} is the conformal parameter of the surface x(u, v), from (2.1) we get⟨xu, xu⟩ = 4ρ
2fugu = 0,
⟨xv, xv⟩ = 4ρ2fvgv = 0,
⟨xu, xv⟩ = 2ρ2(fugv + fvgu) = ew.
(4.9)
Without loss of generality we may assume that
fv ≡ 0,
gu ≡ 0. (4.10)
That meansf ≡ f (u),g ≡ g(v),ew = 2ρ2fugv. (4.11)
Therefore, for any conformal immersion of Lorentz surface, we have the following conclusion.
Theorem 4.1. Let x = x(u, v):M → Q32 be a timelike surface in Q32 with the conformal parameter {u, v}. Then x(u, v) =
(x1, x2, x3, x4) can be written as
x1(u, v) = ρ(u, v) {f (u)+ g(v)} ,
x2(u, v) = ρ(u, v) {1− f (u)g(v)} ,
x3(u, v) = ρ(u, v) {f (u)− g(v)} ,
x4(u, v) = ρ(u, v) {1+ f (u)g(v)} ,
(4.12)
for the one-parameter functions f (u), g(v) and two-parameter function ρ(u, v). The metric of x(u, v) is given by
G(u, v) = 2ρ2fugv (du⊗ dv + dv ⊗ du) .
The Gaussian curvature of x(u, v) is given by
κ(u, v) = −2(2ρ2fugv)−1(log ρ)uv = −∆(log ρ). (4.13)
Proof. From (4.6) to (4.11) and the expressions (2.1) and (2.4) of the metric and Gaussian curvature. 
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Definition 4.1. The one-parameter functions f (u), g(v) and the two-parameter function ρ(u, v) are called structure
functions of the timelike surface x = x(u, v):M → Q32. The function ρ(u, v) is called conformal factor of x(u, v) and the
functions f (u) and g(v) are called translation factors of x(u, v).
Furthermore, for the minimal timelike surfaces or equivalent, flat timelike surfaces, we have the following conclusion.
Theorem 4.2. Let x = x(u, v):M → Q32 be a minimal timelike surface in Q32 with the conformal parameter {u, v}. Then
x(u, v) = (x1, x2, x3, x4) can be written as
x1(u, v) = ρ1(u)ρ2(v) {f (u)+ g(v)} ,
x2(u, v) = ρ1(u)ρ2(v) {1− f (u)g(v)} ,
x3(u, v) = ρ1(u)ρ2(v) {f (u)− g(v)} ,
x4(u, v) = ρ1(u)ρ2(v) {1+ f (u)g(v)} .
(4.14)
Proof. For the minimal timelike surface x(u, v), the mean curvature H vanishes identity. From (2.15) we know that the
surface is flat. Using (2.4) and (4.11) we have
0 = κ = −e−wwuv = −e−w

log(2ρ2fugv)

uv = −2e−w(log ρ)uv.
Therefore ρ(u, v) can be written as ρ(u, v) = ρ1(u)ρ2(v) and the surface can be given by (4.14). 
Remark 3. The functions f (u) and g(v) here are called Lorentz holomorphic function and Lorentz anti-holomorphic function
in [12,10].
5. Structures of timelike surface and its dual surface in Q32
Let x be a conformal immersion of Lorentz surface. We consider the structures and properties of timelike surface and its
dual surface. From (2.5), (4.7) and (4.11) we have
xuv = ρuv(f + g, 1− fg, f − g, 1+ fg)+ ρug ′(1,−f ,−1, f )+ ρv f ′(1,−g, 1, g)+ ρf ′g ′(0,−1, 0, 1)
= ρ−1ρuvx+ ρug ′(1,−f ,−1, f )+ ρv f ′(1,−g, 1, g)+ ρf ′g ′(0,−1, 0, 1) (5.1)
and
∆x = 2e−wxuv = ρ−1(∆ρ)x+ 2e−w

ρug ′(1,−f ,−1, f )+ ρv f ′(1,−g, 1, g)+ ρf ′g ′(0,−1, 0, 1)

. (5.2)
Then
⟨∆x,∆x⟩ = 16e−2wf ′g ′(ρuρv − ρρuv) = −16e−2wf ′g ′ρ2(log ρ)uv
= −8e−wf ′g ′ρ2∆(log ρ) = −4∆(log ρ).
Therefore
y(u, v) = − 12∆x− 18 ⟨∆x,∆x⟩x = − 12∆x+ 12∆(log ρ)x
= 12

∆(log ρ)− ρ−1∆ρ x− e−w ρug ′(1,−f ,−1, f )+ ρv f ′(1,−g, 1, g)+ ρf ′g ′(0,−1, 0, 1)
= −e−w ρ−2ρuρvx+ ρug ′(1,−f ,−1, f )+ ρv f ′(1,−g, 1, g)+ ρf ′g ′(0,−1, 0, 1)
= −1
2ρ2

ρ−2ρuρv f ′−1g ′−1x+ ρuf ′ (1,−f ,−1, f )+
ρv
g ′
(1,−g, 1, g)+ ρ(0,−1, 0, 1)

. (5.3)
Then we get the following conclusion.
Proposition 5.1. For any non constant functions f (u), g(v) and ρ(u, v) ≠ 0, the surface
x(u, v) = ρ(f + g, 1− fg, f − g, 1+ fg) (5.4)
is a timelike surface in Q32 and (u, v) is the conformal parameter of x(u, v). Furthermore, the associate surface or dual surface
y(u, v) of x(u, v) is given by
y = −1
2ρ2

ρuρv
ρ2f ′g ′

x+ ρu
f ′
(1,−f ,−1, f )+ ρv
g ′
(1,−g, 1, g)+ ρ(0,−1, 0, 1)

. (5.5)
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And putting y(u, v) = (y1, y2, y3, y4) we have
y1 = −ρuρv2ρ3f ′g ′

f + g + ρf
′
ρu
+ ρg
′
ρv

,
y2 = −ρuρv2ρ3f ′g ′

1− fg − ρfg
′
ρv
− ρgf
′
ρu
− ρ
2f ′g ′
ρuρv

,
y3 = −ρuρv2ρ3f ′g ′

f − g + ρf
′
ρu
− ρg
′
ρv

,
y4 = −ρuρv2ρ3f ′g ′

1+ fg + ρfg
′
ρv
+ ρgf
′
ρu
+ ρ
2f ′g ′
ρuρv

.
(5.6)
Theorem 5.1. Let x = x(u, v):M → Q32 be a timelike surface in Q32 with the conformal parameter {u, v} and the structure
functions {f (u), g(v), ρ(u, v)} and y = y(u¯, v¯):M→ Q32 be the associate surface (or dual surface) of x(u, v)with the conformal
parameter {u¯, v¯} and the structure functions {f¯ (u¯), g¯(v¯), ρ¯(u¯, v¯)}. Then we have
du¯
dv¯
= λdu+ ψdv
ϕdu+ λdv or
dv¯
du¯
= λdu+ ψdv
ϕdu+ λdv (5.7)
and 
f¯ = f + ρf
′
ρu
= f + f
′
(log ρ)u
= f

1+ (log f )
′
(log ρ)u

,
g¯ = g + ρg
′
ρv
= g + g
′
(log ρ)v
= g

1+ (log g)
′
(log ρ)v

,
ρ¯ = −ρuρv
2ρ3f ′g ′
= −(log ρ)u(log ρ)v
2ρf ′g ′
= −(log ρ)u(log ρ)v
2ρfg(log f )′(log g)′
,
(5.8)
2ρρ¯(f¯ − f )(g¯ − g) = −1. (5.9)
Proof. From (2.16) and (u¯, v¯) is the conformal parameter of ywe get (5.7). By (4.5) and (5.6) we obtain (5.8). From (5.8) we
have (5.9). 
Corollary 5.2. Let x = x(u, v):M → Q32 be a minimal timelike surface in Q32 with the conformal parameter {u, v}. Then {u, v}
is also the conformal parameter of the associate surface (or dual surface) y(u, v) of x(u, v).
Proof. For the minimal timelike surface x(u, v), from (2.15) we have λ ≡ 0. Then from (5.7) we know that {u, v} is also the
conformal parameter of y(u, v). 
Theorem 5.3. The associate surface (or dual surface) y(u, v) of a timelike surface x = x(u, v):M → Q32 is minimal if and only
if the timelike surface x(u, v) is minimal.
Proof. From (2.4), (2.15), (4.13), (5.8) and Corollary 5.2, by a direct calculationwe can get the conclusion of this theorem. 
Proposition 5.2. The timelike surface x = x(u, v):M → Q32 and its associate surface (or dual surface) y(u, v) are in the same
conformal class if and only if they are minimal.
Proof. By Corollary 5.2 and Theorem 5.3. 
Proposition 5.3. Let x = x(u, v):M → Q32 be a timelike surface in Q32 with the conformal parameter {u, v}. Then x(u, v) =
(x1, x2, x3, x4) can be written as
x1(u, v) = f (u)+ g(v),
x2(u, v) = 1− f (u)g(v),
x3(u, v) = f (u)− g(v),
x4(u, v) = 1+ f (u)g(v),
(5.10)
for some non-parameter functions f (u) and g(v), that is, ρ(u, v) is constant in (5.4), if and only if the timelike surface x(u, v) is
totally geodesic in Q32.
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Proof. From (2.8) to (2.10), (4.7) and (5.3) we have
ϕ = ⟨xuu, y⟩ = −e−w

4ρ2u f
′g ′ + 2ρρuf ′′g ′ − 2ρρuuf ′g ′

= ρ−1ρuu − 2ρ−2ρ2u − ρ−1ρuf ′−1f ′′
= (log ρ)uu − {(log ρ)u}2 − (log ρ)uf ′−1f ′′,
ψ = ⟨xvv, y⟩ = −e−w{4ρ2v f ′g ′ + 2ρρv f ′g ′′ − 2ρρvv f ′g ′}
= ρ−1ρvv − 2ρ−2ρ2v − ρ−1ρvg ′−1g ′′
= (log ρ)vv − {(log ρ)v}2 − (log ρ)vg ′−1g ′′,
λ = ⟨xuv, y⟩ = 12 e
w∆ log ρ = ρ2f ′g ′∆ log ρ.
(5.11)
If ρ(u, v) is constant, by (5.11) we get ϕ = ψ = λ ≡ 0. Conversely, if λ ≡ 0 we have (log ρ)uv = ρρuv − ρuρv ≡ 0. And
ϕ ≡ 0, ψ ≡ 0 yield
ϕ = (log ρ)uu − {(log ρ)u}2 − (log ρ)uf ′−1f ′′ = 0,
ψ = (log ρ)vv − {(log ρ)v}2 − (log ρ)vg ′−1g ′′ = 0. (5.12)
Solving this partial differential equations we get ρu = ρv ≡ 0 or
ρ(u, v) = 1
f (u)g(v)
. 
Proposition 5.4. Let x = x(u, v):M → Q32 be a timelike surface in Q32 with the conformal parameter {u, v} and structure
functions {ρ, f , g}. If x(u, v) is totally umbilical, the structure function ρ satisfies
{log[(log ρ)u]}uv = {log[(log ρ)v]}uv (5.13)
or
∆ log[(log ρ)u] = ∆ log[(log ρ)v]. (5.14)
Proof. Let x(u, v) be totally umbilical. From (2.11) we know that ϕ ≡ ψ ≡ 0. With (2.4) and (5.11), by a direct calculation,
we can get (5.13) and (5.14). 
Proposition 5.5. Let x = x(u, v):M → Q32 be a timelike surface in Q32 with the conformal parameter {u, v}. Then the timelike
surface
x(u, v) = ρ(u, v)(f (u)− g(v), 1− f (u)g(v), f (u)− g(v), 1+ f (u)g(v))
has constant Gaussian curvature if and only if the function ρ(u, v) satisfies
ξ(u, v) = (log ρ(u, v))uv,
2ξ(u, v) = (log ξ(u, v))uv. (5.15)
Proof. From (2.13) and (5.11) we have
ϕv =

(log ρ)uu − {(log ρ)u}2 − (log ρ)uf ′−1f ′′

v
= 0,
ψu =

(log ρ)vv − {(log ρ)v}2 − (log ρ)vg ′−1g ′′

u = 0.
(5.16)
Then 
{(log ρ)uv}u − 2(log ρ)u(log ρ)uv − (log ρ)uv f ′−1f ′′ = 0,
{(log ρ)uv}v − 2(log ρ)v(log ρ)uv − (log ρ)uvg ′−1g ′′ = 0.
(5.17)
Putting
ξ(u, v) = (log ρ)uv (5.18)
we have
ξu − 2(log ρ)uξ − ξ f ′−1f ′′ = 0,
ξv − 2(log ρ)vξ − ξg ′−1g ′′ = 0,
(5.19)
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that is
(log ξ)u − 2(log ρ)u − f ′−1f ′′ = 0,
(log ξ)v − 2(log ρ)v − g ′−1g ′′ = 0.
(5.20)
Therefore we get
(log ξ)uv = 2ξ . (5.21)
Conversely, from (5.21) we can get (5.19) and (5.20). With (5.18) we have (5.17). Therefore (5.16) is satisfied. With (2.13)
we know that the surface x(u, v) has constant Gaussian curvature. 
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